Abstract. We show that the independent spanning tree conjecture on digraphs is true if we restrict ourselves to line digraphs. Also, we construct independent spanning trees with small depths in iterated line digraphs. From the results, we can obtain independent spanning trees with small depths in de Bruijn and Kautz digraphs that improve the previously known upper bounds on the depths.
Introduction
Unless stated otherwise each digraph of this paper is nite and may have loops but not multiarcs. Let G be a digraph. Then V (G) and A(G) denote the vertex set and the arc set of G, respectively. Let (u; v) 2 A(G). Then we say that u is adjacent to v, and v is adjacent from u. Also, it is said that (u; v) is incident to v and incident from u. Let (v; w) 2 A(G). Then we say that (u; v) is adjacent to (v; w), and (v; w) is adjacent from (u; v). Let v 2 V (G).
The number of arcs incident from (to) v is called the outdegree (indegree) of v and denoted by deg + G v (deg 0 G v) . In this paper, paths and cycles always mean directed paths and directed cycles, respectively.
The line digraph L(G) of G is the digraph whose vertex set is A(G) and in which a vertex e is adjacent to a vertex f i e is adjacent to f in G. The m-iterated line digraph L m (G) of G is the digraph obtained from G by repeatedly applying the line digraph operation m times, i.e., L m (G) = L(L m01 (G)). Let P 1 and P 2 be paths from a vertex x to a vertex y in G. We call P 1 and P 2 openly disjoint if A(P 1 ) \ A(P 2 ) = ; and V (P 1 ) \ V (P 2 ) = fx; yg. If for any ordered pair of vertices u; v of G, there are k openly disjoint (resp. arc-disjoint) paths from u to v, then G is called k-connected (resp. k-arc-connected). Let F be a subdigraph of G. If V (F ) = V (G), then F is called spanning. Also, F is called acyclic if F does not contain a cycle. Let T be an acyclic subdigraph of G. If there exists a vertex r in T such that the indegree of r is 0 and the indegree of any other vertex of T is 1, then T is called a tree rooted at r. The depth of a tree T rooted at r is the maximum length of paths from r in T . Let T 1 and T 2 be trees rooted at r in G. We say that T 1 and T 2 are independent if for any vertex x of V (T 1 ) \ V (T 2 ) n frg, the paths from r to x in T 1 and in T 2 are openly disjoint. Let T 1 ; T 2 ; . . . ; T k be trees rooted at r. We say that T 1 ; T 2 ; . . . ; T k are independent if for any i < j, T i and T j are independent. On independent spanning trees, the following conjecture is well-known. Conjecture 1.1 Let G be a k-connected digraph. Then there are k independent spanning trees rooted at any vertex in G.
For k = 2, Whitty [23] proved the conjecture. However, Huck [14] disproved the conjecture for general digraphs when k 3. In this paper, we show that the conjecture is true for any k 1 if we restrict ourselves to line digraphs.
There are three variations of the conjecture; arc-version, undirected version, and undirected arc-version. The arc-version has been proved in [5] . For the undirected version, it has been proved for k 3 ([16] , [3] , [24] ) and for planar graphs with k = 4 ( [13] ). Also, in [17] , it has been shown that the undirected version implies the undirected arc-version.
Arc-disjoint or independent spanning trees have been studied from not only the theoretical point of view but also the practical point of view. In massively parallel computers, the process that sends a message originated from a processor to all other processors is a fundamental function. This process is called broadcasting. Broadcasting scheme can be represented by a spanning tree in the underlying (di)graph which is called the interconnection network of a massively parallel computer. There are several models on the time evaluation and the restriction of functions of each processor about sending and receiving messages (see [7] ). In the linear time and store-and-forward model (i.e., when a message is sent from a processor to its neighbor, it takes time proportional to the length of the message [the linear time model], and a processor can send (receive) messages to (from) all its neighbors [the store-and-forward model]), it is known that constructing a large number of arc-disjoint spanning trees of depths as small as possible in the interconnection network is useful to design an ecient broadcasting scheme. Also, arc-disjoint or independent spanning trees can be used to obtain a fault-tolerant broadcasting scheme. From these points of view, several researchers have studied arc-disjoint or independent spanning trees ( [1] , [9] , [16] , [19] 
If [9] do not use the terminology \independent", their construction produce independent spanning trees. In particular, their spanning trees in the de Bruijn digraph have a remarkable property that any vertex is contained in at most one tree as an internal vertex.) Note that the numbers of these spanning trees are both optimal. (Since B(d; D) has loops, we cannot construct d independent spanning trees.)
In this paper, we construct independent spanning trees with small depths in iterated line digraphs. Applying the results to the de Bruijn and Kautz digraphs, the following results are obtained.
There (Our independent spanning trees in the de Bruijn digraph also have the property that any vertex except for the root is contained in at most one tree as an internal vertex. In fact, our construction of independent spanning trees in iterated line digraphs is a generalization of Ge and Hakimi's construction.) The diameter of G is a trivial lower bound on the depths of independent spanning trees in G. Since the diameters of B(d; D) and K(d; D) are both D, our bounds on the depths are nearly optimal. We also show that the upper bound can be improved to D + c, where c is a constant, if the root is contained in a cycle of a xed length. This paper is organized as follows. In section 2, we introduce other terminologies and notations used in this paper and several properties on walks in iterated line digraphs. In section 3, we prove that the independent spanning tree conjecture is true for the class of line digraphs. In section 4, we describe a construction of independent spanning trees in iterated line digraphs, and then derive a general upper bound on the depths. In section 5, we improve the general upper bound on the depths in several cases. Based on these results, we derive new bounds on the depths of independent spanning trees in the de Bruijn and Kautz digraphs. At last, we conclude the paper with some remarks in section 6.
Preliminaries
Let T be a tree rooted at r. 3 Independent spanning trees in line digraphs
In this section, we show that Conjecture 1.1 holds for line digraphs. First we dene a variation of the line digraph operation.
Denition 3.1 Let G be a digraph and F a subdigraph of G. Then L(F; G) is the digraph dened as follows;
and there is an arc of F incident to ug; Suppose T is a spanning tree rooted at a vertex r of G. Then L(T; G) is a forest such that each root corresponds to an arc incident from r. If all arcs incident from the root are contained in A(T ), then L(F; G) is a spanning forest. Proof. Suppose T j ; j = 1; 2; . . . ; k, are arc-disjoint spanning trees rooted at v in G. Let (u j ; v); j = 1; 2; . . . ; k, be arcs incident to v in G such that u i 6 = u j for i 6 = j, and u j 6 = v for j 6 = 1. We construct k independent spanning trees rooted at (u 1 ; v) in L(G).
From the denition, H j , j = 1; 2; . . . ; k; are arc-disjoint trees rooted at (u 1 ; v). We show that H j , j = 1; 2; . . . ; k; are independent trees rooted at (u 1 ; v).
Let (x; y) 2 A(G) such that x 6 = v and (x; y) 6 = (u 1 ; v). Let P j be the path from v to x in T j . Also, let P 3 j be the walk obtained from P j by adding (u 1 ; v) to the rst vertex and (x; y) to the last vertex. Then P 3 j is translated to the path from (u 1 ; v) to (x; y) in H j by the line digraph operation. Since P 3 j ; j = 1; 2; . . . ; k; are arc-disjoint except for (u 1 ; v) and (x; y), the paths from (u 1 ; v) to (x; y) in H j , j = 1; 2; . . . ; k, are openly disjoint.
Next, we extend H j to a spanning tree. For each j 2 f1; 2; . . . ; kg and each e 2 A + j (v), we dene a bijection ' e from f1; 2; . . . ; kg n fjg to f(u i ; v) j 2 i kg. For e 2 A + 0 (v), we dene a bijection ' e from f1; 2; . . . ; kg to f(u i ; v) j 1 i kg. Then we dene T 3 j as follows; 
. . . We show that the vertex-version of Edmonds' Theorem holds for line digraphs. From Theorem 3.5, it is induced that Conjecture 1.1 is true for line digraphs. 4 Independent spanning trees with small depths in iterated line digraphs
In the previous section, we have constructed independent spanning trees in L(G) using arcdisjoint spanning trees in G. Since independent spanning trees are also arc-disjoint each other, we can repeatedly apply the construction shown in the proof of Lemma 3.3 to obtain independent spanning trees in L m (G) . In this section, we construct independent spanning trees with small depths in L m (G). Here we add one condition to the construction of T j (i); j = 1; 2; . . . ; k. We construct T j (i); j = 1; 2; . . . ; k, so that all arcs incident from r(i) except for a loop are used by the trees. (It is easily checked that we can obtain such independent (resp. arc-disjoint) spanning trees from any set of independent (resp. arc-disjoint) spanning trees rooted at r(i) so that the maximum depth does not increase. Also, dis j (x) denotes the distance from r(i) to x in T j (i). In the proof of Theorem 4.5, we assume (G) 3. Suppose G is a loopless digraph. Then (G) 4 . In this case, we obtain the relation (i j;n +1) (i j;(n01) +1)+(i j;(n02) +1) for n 3.
Thus, when G is loopless, an upper bound for d(T j (m)) is given by m+log 8 (m+1)+d(T j (0)).
Improvements of the general upper bound on the depths of independent spanning trees
In the previous section, we have shown a general upper bound for d(T j (m)). In this section, we improve the general upper bound in several cases. Let B(H j (i)) denote the set of bottom leaves of H j (i). To restrain increasing of d(T j (i)), we need to avoid to use an arc incident from a bottom leaf of H j (i). However, there may be a case that we cannot avoid d(T j (i)) = d(T j (i 01)) + 2. Now we dene some notations as follows; Therefore, either i j;n 2i j;(n01) or i j;n 3i j;(n02) . Thus, In the proof of Theorem 5.2, we use 1 as a general lower bound for i j;1 . In the de Bruijn digraph, it is easily checked that we can construct independent spanning trees with i j;1 = 2. Thus, Corollary 5.4 is obtained. In [1] , it has been shown that in B(d; D) there are independent spanning trees of depths at most D +1 if the root is contained in a loop. Also, in [9] , it has been shown that in B(d; D) (resp. K(d; D)) there are independent spanning trees of depths at most D + 1 (resp. D + 2) if the root is contained in a cycle of length 2. These facts can be generalized to iterated line digraphs. That is, if the root is contained in a cycle of a xed length, there are independent spanning trees of depths at most m + c, where c is a constant. 
Concluding remarks
We have shown that the independent spanning tree conjecture is true for the class of line digraphs. It will be interesting to nd another class of digraphs for which the conjecture holds. Although the conjecture is not true for general digraphs when k 3, it remains open to characterize the class of digraphs for which the conjecture holds. We have also constructed k independent spanning trees rooted at any vertex of depths at most m + log m + c in L 
